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A lattice walk with all steps having the same length d is called a d-walk. In this note
we examine parity properties of closed d-walks in RN in relation to N and d. We also
characterize real numbers d for which in R2 every lattice point can be the terminal point
in a d-walk starting from the origin.
© 2009 Elsevier Inc. All rights reserved.
1. Basic deﬁnitions
A lattice point in RN is a point with integer coordinates. The set of all lattice points in RN is denoted by ZN . By a lattice
walk or lattice path in RN we mean an ordered sequence of lattice points
W = (w0,w1, . . . ,wm).
The point w0 is called the initial point and wm is called the terminal point of W . A walk W is said to be closed if w0 = wm .
One agrees that there is no much restriction if we assume that w0 = 0. With this assumption, however, there is one to one
correspondence between a lattice walk W and the ordered sequence
U = (u1, . . . ,um)
of vectors, called steps, where ui = wi − wi−1 for i = 1, . . . ,m. Thus, we shall alternatively use W or U to represent the
same lattice walk.
There are many aspects of research dealing with lattice points and, in particular, with lattice paths. Of course, there is a
very rich bibliography related to lattice paths. We refer the reader to [2,4–6], where different problems for different types
of lattice walks are considered.
To present the aim of this note we need several deﬁnitions.
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U = 2αU ′,
where α ∈ {0} ∪ N and every vector in U ′ has integral coordinates with the same non-zero number of odd coordinates.
A lattice walk U = (u1, . . . ,um) is called a d-walk if all its steps have the same length d, that is, ‖ui‖ = d for i = 1, . . . ,m.
A positive real number d is said to be N-admissible if
d2 =
N∑
j=1
x2j (1.1)
for some integers x1, . . . , xN . It is obvious that a d-walk exists in RN if and only if d is an N-admissible number. An N-
admissible real number d is called N-reduced if for some integers x1, . . . , xN satisfying (1.1) we have gcd(x1, . . . , xN ) = 1.
A d-walk in RN for an N-reduced real number d is called d-reduced or just reduced. A very important class of reduced
lattice walks are 1-walks using steps ui ∈ {±e1, . . . ,±eN}, where e1, . . . , eN denote the standard unit vectors in RN .
It is easily seen that for every N-admissible real number d there are closed d-walks in RN , N  1, having arbitrary even
number of steps. In this note we aim to examine the existence of closed d-walks with odd number of steps in relation to
N and d. In Section 1 we ﬁrst show that every closed regular lattice walk in R2 must have even number of steps. From
this we infer that in R2 there are no closed d-walks with odd number of steps and also obtain the well-known fact that
in R2 no equilateral lattice polygon (a lattice polygon has all vertices in Z2) with odd number of sides exists. In Section 2
we notice that closed d-walks consisting of odd number of steps exist in spaces RN , N  3. In R3, however, closed d-walks
consisting of odd number of steps do not exist when d is a positive integer. It turns out, that in spaces RN , N  4, closed
d-walks with odd number of steps and integral d exist if and only if d is even. In Section 3 we prove that every lattice point
w ∈ Z2 can be the terminal point in a d-reduced lattice walk starting from the origin if and only if d2 is an odd number.
2. Closed lattice walks inR2
In this section we aim to obtain a generalization of the well-known fact that in R2 no equilateral lattice polygon with
odd number of sides exists. It seems to be a little bit surprising that this will be inferred from a result dealing with lattice
walks in which the lengths of the steps do not have to be equal.
Theorem 2.1. IfW = (w0, . . . ,wm) is a closed regular lattice walk in R2 , then m is even.
Proof. Let W = (w0, . . . ,wm) be a closed regular lattice walk in R2 and let U be the set of its steps. Clearly, U = 2αU ′ ,
where α ∈ {0} ∪ N and U ′ = (u′1, . . . ,u′m) is an ordered set of vectors such that every vector u′j has the same non-zero
number of odd coordinates. Note that U is a closed regular lattice walk if and only if U ′ is a closed and regular lattice walk.
Therefore it is enough to prove the theorem for U ′ . We shall consider two possible cases.
Case 1: Each vector u′j in U ′ has one coordinate odd and the other even.
Denote
I1 =
{
j: u′j = [2p j + 1,2r j], p j, r j ∈ Z
}
and
I2 =
{
i: u′i = [2si,2ti + 1], si, ti ∈ Z
}
.
Since U ′ is closed we clearly have ∑mj=1 u′j = 0. Of course this is equivalent to
∑
j∈I1
(2p j + 1) +
∑
i∈I2
2si = 2
(∑
j∈I1
p j +
∑
i∈I2
si
)
+ |I1| = 0 (2.1)
and ∑
j∈I1
2r j +
∑
i∈I2
(2ti + 1) = 2
(∑
j∈I1
r j +
∑
i∈I2
ti
)
+ |I2| = 0. (2.2)
From (2.1) and (2.2) it follows that |I1| and |I2| both are even. Hence |I1| + |I2| =m is also even and Case 1 is established.
Case 2: Each vector u′j in U ′ has both coordinates odd.
In this case u′ = [2p j + 1,2r j + 1] for j = 1, . . . ,m. From the condition ∑mj=1 u′ = 0 we immediately getj j
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j=1
(2p j + 1) =m + 2
m∑
j=1
p j = 0
which guarantees that m is even. The proof is complete. 
Proposition 2.2. Any d-walk in R2 is regular.
Proof. Let U be a d-walk. Clearly, d is 2-admissible and d2 takes one of the following three forms 2k + 1, 4k + 2 or 4k
for some k ∈ N. It is easy to check that the case 2k + 1 happens if and only if each vector ui from U has one coordinate
odd and the other even. The second case happens if and only if both coordinates of each vector ui are odd. Clearly, in both
the cases U is regular with α = 0. When d2 = 4k, then both coordinates of each vector ui ∈ U are even. Denote by α the
maximal natural number such that 2α divides both coordinates of each vector ui . Obviously the ordered sequence
U ′ =
(
u1
2α
, . . . ,
um
2α
)
consists of vectors with the same non-zero number of odd coordinates and U = 2αU ′ . Thus W is regular and the proof is
complete. 
From Proposition 2.2 and Theorem 2.1 we immediately obtain the following corollary.
Corollary 2.3. IfW = (w0, . . . ,wm) is a closed d-walk in R2 , then m is an even number.
One can use the vertices of an equilateral lattice polygon to deﬁne a closed d-walk. Therefore from Corollary 2.3 we
immediately get the following corollary which, in turn, easily implies Theorem 1 in [1].
Corollary 2.4. If P is an equilateral lattice polygon in R2 with m sides, then m is an even number.
3. Closed lattice walks inRN
We start this section with formulating a result that can be justiﬁed in a very similar way as Theorem 2.1.
Theorem 3.1. Let U = (u1, . . . ,um) be a closed lattice walk in RN , N  1, in which either:
(1) each step vector ui ∈ U has exactly one coordinate odd, or
(2) each step vector ui ∈ U has the same kth coordinate odd.
Then m is an even number.
Corollary 3.2. Let U = (u1, . . . ,um) be a closed lattice walk in RN , N  1, such that each step vector ui ∈ U has all N coordinates
odd, then m is even.
Lemma 3.3. If U = (u1, . . . ,um) is a closed d-walk in RN , then md2 is an even number.
Proof. Let U = (u1, . . . ,um) be a closed d-walk in RN , N  1. Denote
ui = [xi,1, . . . , xi,N ] for i = 1, . . . ,m.
We clearly have
m∑
i=1
ui = 0 and ∀i ‖ui‖ = d.
Hence
m∑
i=1
xi, j = 0 for every j ∈ {1, . . . ,N} (3.1)
and
N∑
(xi, j)
2 = d2 for every i ∈ {1, . . . ,m}. (3.2)
j=1
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N∑
j=1
(
m∑
i=1
xi, j
)2
=
N∑
j=1
(
m∑
i=1
(xi, j)
2 + 2
m∑
i<k
xi, j xk, j
)
=
m∑
i=1
N∑
j=1
(xi, j)
2 + 2
N∑
j=1
m∑
i<k
xi, j xk, j = 0.
When we use (3.2) in the last equality we get
md2 = −2
N∑
j=1
∑
i<k
xi, j xk, j (3.3)
and the result follows. The proof is complete. 
Note that in spaces RN , N  3, there exist closed d-walks consisting of odd number of steps. To see that this is true
it is enough to observe that in R3 the points [1,0,0], [0,1,0] and [0,0,1] are the vertices of an equilateral triangle. An
interesting property of d-walks in R3 with odd number of steps is such that d cannot be an integer. We shall prove this
after formulating a useful proposition which can be easily proved.
Proposition 3.4. A closed d-walk exists if and only if for every γ ∈ N there exists a closed (γ d)-walk.
Theorem 3.5. IfW = (w0, . . . ,wm) is a closed d-walk in R3 and d is a positive integer, then m is an even number.
Proof. Let W = (w0, . . . ,wm) be a closed d-walk in R3 with an integral d. In view of Proposition 3.4 we may assume that
W is reduced. We shall show that the supposition that m is odd leads to a contradiction. Indeed, if m were odd then by
the three-dimensional version of (3.3), d2 would have to be even. Apparently, an integer has even square if and only if the
integer itself is even. Hence 4|d2. It is easy to check that this happens if and only if all three coordinates of each vector
ui ∈ U are even. This, however, contradicts the fact that U is reduced. Thus m cannot be odd and the proof is complete. 
Remark 3.6. When a closed d-walk consists of odd number of steps, then by (3.3) the integer d2 must be even. If, in
addition, d is an integer, then the integer itself is even. Note that in spaces RN , N  4, it is possible to construct closed
d-walks consisting of odd number of steps in which d is any positive even number. To this end it is enough to observe that
the points [0,0,0,0], [2k,0,0,0] and [k,k,k,k], k ∈ N, are the vertices of an equilateral lattice triangle in R4.
4. Terminal points in d-walks starting from the origin
It is obvious that for any lattice point w ∈ Z2 there exists an 1-walk from the origin to w in which every step belongs
to the set {±e1,±e2}. In our next theorem we give a more general result. Namely, we prove the following theorem.
Theorem 4.1. Let d be a 2-reduced real number. For every lattice point w ∈ Z2 there exists a d-reduced lattice walk W =
(w0, . . . ,wm) with the terminal point wm = w if and only if d2 is an odd number.
Proof. Assume that d is a 2-reduced real number such that d2 is odd. Denote
Ud =
{[x, y] ∈ Z2: x2 + y2 = d2}.
Obviously, Ud is a ﬁnite set which is symmetric with respect to the origin and both coordinate axes. Since d2 is odd, Ud
does not contain any vector with equal coordinates. Let v1 = [x1, y1] be a vector from Ud for which we have gcd(x1, y1) = 1
and 0 < x1 < y1. Consider the subset U0d ⊂ Ud consisting of v1, v2 = [−y1, x1], v3 = [y1, x1] and u4 = [−x1, y1].
First, we shall show that there exist lattice walks from the origin to the points [1,0] and [0,1], respectively, with all
steps from the set U0d ∪ (−U0d ). The existence of such walks will be clear if we show that the equations
e1 =
4∑
i=1
ai vi and e2 =
4∑
i=1
bi vi (4.1)
have integral solutions. The ﬁrst equation in (4.1) is equivalent to the system of the equations
1 = a1x1 − a2 y1 + a3 y1 − a4x1,
0 = a1 y1 + a2x1 + a3x1 + a4 y1
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1 = αx1 + β y1, (4.2)
0 = γ x1 + δy1, (4.3)
when α = a1 − a4, β = a3 − a2, γ = a3 + a2 and δ = a1 + a4. Because gcd(x1, y1) = 1, Eq. (4.2) has an integral solution α0
and β0. All other solutions of (4.2) are given by
α = α0 + y1t and β = β0 − x1t, (4.4)
where t is an arbitrary integer. Similarly, all solutions of (4.3) are of the form
γ = y1s and δ = −x1s, (4.5)
where s is an arbitrary integer.
Returning now to the original unknowns a1,a2,a3 and a4 and using (4.4) and (4.5) we get{
a1 − a4 = α0 + y1t,
a1 + a4 = −x1s and
{
a3 − a2 = β0 − x1t,
a3 + a2 = y1s.
By solving the two systems we easily obtain
a1 = α0 − x1s + y1t
2
, a4 = −α0 − x1s − y1t
2
= a1 − (α0 + y1t) (4.6)
and
a3 = β0 − x1t + y1s
2
, a2 = −β0 + x1t + y1s
2
= a3 + (x1t − β0). (4.7)
It remains now to show that for suitable t and s all four unknowns are integers. In view of (4.6) and (4.7) it is enough to
ensure that a1 and a3 are integers.
From the assumption that d2 is odd it follows that the numbers x1 and y1 are of different parity. First consider the case
when x1 is odd and y1 even. Then, by (4.2) α0 is odd. Put s = α0 and t = −β0. Then a1 = α0−12 ∈ Z. It is easy to check that
a3 also is an integer. Hence all four unknowns are integers.
When x1 is even and y1 odd, then by (4.2) β0 is odd. This time put t = α0 and s = −β0. It can be easily checked that
also in this case all four unknowns are integers.
In a very similar way one can show the existence of integers b1,b2,b3 and b4 for which the second equation in (4.1) is
true.
Take any lattice point w = [x, y]. Using (4.1) we have
w = xe1 + ye2 =
4∑
i=1
(xai + ybi)vi =
4∑
i=1
ci vi,
where ci = xai + ybi for i = 1,2,3,4. Having the above we are in a position to construct a d-walk U from the origin to the
point w in the following way
U = (u1, . . . ,u|c1|+|c2|+|c3|+|c4|),
where
u1 = · · · = u|c1| = sign(c1) · v1,
u|c1|+1 = · · · = u|c1|+|c2| = sign(c2) · v2,
u|c1|+|c2|+1 = · · · = u|c1|+|c2|+|c3| = sign(c3) · v3,
and
u|c1|+|c2|+|c3|+1 = · · · = u|c1|+|c2|+|c3|+|c4| = sign(c4) · v4.
Now we shall show that in the case when d2 is even it is not possible to construct any d-walk from the origin to
the point (1,0). This is immediately seen when Ud consists only of vectors with coordinates having equal absolute values.
Consider the case that v1 = [x1, y1] ∈ Ud . Using (4.2), (4.3), (4.6) and (4.7) and keeping in mind that now both x1 and
y1 are odd it is quite easy to show that there is no such a walk with steps only from the set U 0d ∪ (−U0d ). However, a
positive integer can have several different representations as the sum of two squares, disregarding signs and the order of
the summands. Therefore we need to show that such a walk does not exist even if we use all possible steps from the set
Ud . To this end, let
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where v1 and v2 are the above described vectors from U0d . If there were such a walk, then for some integers a1, . . . ,an we
would have
e1 =
n∑
i=1
ai vi .
This would lead to the following system⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
a1x1 − a2 y1 = −
n∑
j=3
a jx j + 1,
a1 y1 + a2x1 = −
n∑
j=3
a j y j .
Solving the system for a1 we have
a1 =
∣∣∣∣−
∑n
j=3 a jx j + 1 −y1
−∑nj=3 a j y j x1
∣∣∣∣∣∣∣∣ x1 −y1y1 x1
∣∣∣∣
= x1 −
∑n
k=3 ak(yk y1 − xkx1)
d2
.
Since d2 is even and gcd(x1, y1) = 1, each vector vk = [xk, yk] ∈ Ud has now both coordinates odd. We shall check that the
resulting fraction representing a1 never simpliﬁes to an integer. Indeed, each summand ak(yk y1 − xkx1) is even and hence
the numerator is odd. The denominator, in turn, is even. Thus a1 never becomes an integer. Consequently, a required lattice
walk does not exist. The proof is complete. 
Remark 4.2. In the Introduction we pointed out that a d-walk in RN exists if and only if d is N-admissible. In the planar
case it is when d2 is the sum of two squares. In connection to our considerations it is therefore of interest to recall the
following well-known fact from the elementary number theory, see [3]:
The number d2 is representable as the sum of two squares if and only if each of its prime factors of the form 4k + 3
occurs to an even power.
Remark 4.3. It is obvious that the number d = √45 is 2-admissible but not 2-reduced. Clearly for d = √45
Ud =
{[3,6], [3,−6], [−3,6], [−3,−6], [6,3], [6,−3], [−6,3], [−6,−3]}.
Note that in this case there exists no d-walk from the origin to the point [1,0]. Indeed, if there were such a walk then the
equation
1 = 3α + 6β
would have to have integral solutions α and β . Of course this cannot happen. This shows that the assumption that d must
be 2-reduced is essential in Theorem 4.1.
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